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Abstract 

For any configuration of a static plane-symmetric distribution of matter along space- 
time, there are coordinates where the metric can be put explicitly as a functional of 
the energy density and pressures. It satisfies Einstein equations as far as we require 
the conservation of the energy-momentum tensor, which is the single ODE for self- 
gravitating hydrostatic equilibrium. As a direct application, a general solution is 
given when the pressures are linearly related to the energy density, recovering, as 
special cases, most of known solutions of static plane-symmetric Einstein equations. 


1 Introduction 

The gravitational field in the vicinity of a large and isolated distribution of matter is 
approximately static if the interval of time considered is small compared to the characte¬ 
ristic time the system changes. As the matter distribution does not suffer any substantial 
change except in only one direction, it is also plane symmetric. This is the case, for 
example, when we are dealing with Newtonian gravitation close to the surface of a planet. 
In this case, define the height from the ground as z, the gravitational potential as 0 
and the atmospheric mass distribution and pressure as p and p, respectively. They are 
approximately functions of z only. Besides an appropriate equation of state relating the 
later thermodynamic variables, there is the hydrostatic equilibrium |T] 

dp dtp 
dz ^ dz 

with the Newtonian potential a solution of Poisson equation Gj = \ P- Here units are 
such that 87 tG = 1 and c = 1. 

The gravitational equation is simple enough to be integrated and give 0 as 

^ rz pu 

(j)(z) = gz+- du dw p(w) , (2) 

^ Jo Jo 


where g is the constant acceleration of gravity in the absence of atmosphere. Using eq.dU 
and eq.(l2i) we deduce the self-gravitating equation for hydrostatic equilibrium: 

d f 1 dp \ _ _ 1 

dz V P dz) 2 P ' ^ 

To set the stage for the relativistic generalization of the situation above, we start with 
a four dimensional Lorentzian manifold M admitting an isometric action of the trans¬ 
formation group of the Euclidean plane with 2 -dimensional space-like orbits. Let e\ and 
e2 stand for the induced killing vector fields corresponding to translations in orthogonal 
directions. We also assume there is another killing vector held eo which is time-like, or¬ 
thogonal to and commuting with e\ and e 2 . Choosing a curve 7(2) such that 7(2) 7^ 0 
is orthogonal to e,, i — 0,1,2, and spreading it all around using the fluxes of the three 
killing vector fields, we define a coordinate system where e 0 = , e\ = Jy , e 2 = ^ and 

the metric is 

ds 2 = g 00 (z) dt 2 + g n (z) (dx 2 + dy 2 ) + g 33 (z) dz 2 . ( 4 ) 

We also assume that the energy-momentum tensor is equally symmetric, such that in 
these coordinates it is diagonal 

(T^) — diag{ p(z), —P||(z), —p\\(z), —p(z) } . ( 5 ) 

Note that the energy density p = Tq , the pressure parallel to the plane of symmetry 
p\\ = — Tl = — Tf and the pressure orthogonal to it p = —T| behave as functions under a 
coordinate change of the type u = u(z). This implies they are all defined globally in such 
space-time. To simplify our analysis, we set the pressure difference dp as 

5 p = p-p\\ . (6) 

Such scheme defines what we mean by a static plane symmetric space-time (see also [ 2 ], 
ch. 15 ). 

Unlike Newtonian physics, where the gravitational part is played by one potential 
and one linear Poisson equation, in the relativistic analogue we deal with three unknown 
functions playing the hole of the potential, g 00 , gu and g 33 , and three non-linear indepen¬ 
dent Einstein equations, which are far from being easily integrated (see [ 3 ], for instance). 
Indeed, the component g 33 is spurious as we can make it equal unit in a simple coordinate 
change du = g 33 (z) dz. 

Although we may identify matter as a fluid, in the relativistic approach it is natural to 
consider a more complex and general structure of the energy-momentum tensor. Therefore 
there is no need to consider an isotropic stress, that is, dp = 0. As an example, for an 
electric charged plane [ 3 j we have dp = 2 p = —2 p. As a result, our complementary 
equations of state are two in number!]] This makes our system well defined: we have 

: By an equation of state we mean any one coming from the matter source, which could be in the 
form of an algebraic equation, as it is usual in thermodynamics, as a differential equation coming from a 
lagragian, etc. 
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five independent unknown functions, g 00 , g n, p, p and dp, related by five independent 
equations: three of them coming from the gravitational part and the rest from the sort of 
matter present in the system. In this paper, our main result is to give goo, gn and g 33 in 
terms of p, p and dp such that they satisfy Einstein equations, as we explain bellow. 

Define the metric 


ds 2 = e 2(t> dt 2 — e 4 ^ 2 Z1 ^ ^ 0 dw w ~ z 2 ( dx 2 + dy 2 ) 


4 (z 2 - z x ) (z - zi) (ft) 


r \2 




dz~ 


p 


(7) 


where (j) = ln(g 0 o ) 2 is the generalized gravitational potential given by 


</> = 



dw 


w - z 2 
w — Z\ 



_ P _\ 

Z\ ){p -p) + (z 2 - z t )(p + 7 p- 4 5p) J 


( 8 ) 


We also assume that the derivative q 7 is continuous and different from zero in a neigh¬ 
bourhood of z — 0. Thus p ft 0 close to z = 0. The arbitrary constants z\ and z 2 satisfy 
z 2 > z\ and z\ p 0 < 0 , as po is the value of p at z = 0 . 


The conservation of the energy-momentum tensor ([5]) in the space-time with the metric 
above, = 0 , turns out to be the generalization of the hydrostatic equilibrium 

relation 


dp 

dz 


(p+p+ 


z- z 2 J 


dcj) 

dz 


(9) 


This is commonly find in the literature for an unknown (j) and Sp = ()([!], sec. 5.4). If we 
apply the definition of (j) (eq. (jHD) , we arrive at the relativistic self-gravitating hydrostatic 
equilibrium equation 


dp _ _ f (z - z 2 ) (p + p) + 4 ( 2:2 - z^dp \ p 

dz V ( z ~ d) (p~p)+ (z 2 - zi) (p + 7p - 4 Sp) ) z- zi 


( 10 ) 


In this paper we show that the metric in eq. (171) and the energy-momentum tensor in 
eq. ()5]) satisfy Einstein equations , that is, — \RS„ = Tjd, provided the conservation 
above is attained. Furthermore, the case when (j) cannot be defined as in eq. ()8|) is also 
explained. These are presented in section [2j In the following, we show how it simplifies 
the analysis of space-times in the presence of fluids with the prescribed equations of state 
V = (7 (p) ~ 1 ) P and dp = e(p) p, giving in a straightforward and unified way most of the 
solutions studied so far, which fall in the category of 7 and e constants. In the last section 
we make our final remarks. 


2 The local form of the metric 

Our main result is given in the following theorem: 
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Theorem 1 The metric given in eq. & and the energy-momentum tensor in eq.^5 J) sa¬ 
tisfy Einstein equations in a neighbourhood of z = 0, provided the later attains the self- 
gravitating hydrostatic equilibrium given in eq. W- 


Proof: We proceed straightforwardly in computing the Einstein tensor for the metric 
(IT)) . Thus, the non-vanishing components of the Levi-Civita connection are 


P — 

1 tz ~ 


T x = T y = 2 

xz yz 


(z 2 - Zi) ft 
z- z 2 


,* _ e 2</> (z - z 2 ) 2 p 

u 4 (z- zf) (z 2 - zf) ft 


r z = r z = C Z~Z 2 )p 4(Z2-Z!) = 1 ± , ( 4 (z 2 — Zi) (z — Z\) (, 4y) 2 

xx yy 2{z-zft)ft ’ ** 2 dz V {z-z 2 y p 

Through the rest of our proof we assume 'V fl T y = 0, which is equivalent to eq. ()9]). 
Therefore, during the calculation of the curvature Rftf = g M1 ( d K T* , — d v T* , + ...) we 
apply the identities 

P’ ( , , 4 (^2 - zi) \ 

P = -{» + P + -r— s P) ( u > 

and 

TJ = 1 —— {{z-z 1 ){p-p) + {z 2 -z 1 ){p + 7p-A5p)) , (12) 

(p z — z 2 

the last one coming from the very definition of <f. Then we obtain for its independent 
components 


fig = fig = ft? ; fig=l (p + p-2ip) + 5_|Lp (13) 

fiS = fTfp i fij: = fig = -i(p + fffp) . (14) 

For the Ricci tensor R y = and scalar curvature we have 

R t t = ^{p + 3p-25p) ; R x = R y = ~ (p - p) 

R z z = —- (p~P + 2 dp) ; R = -p + 3p - 2 5p . 


Hence Einstein equations hold for ds 2 , as can be readily veriEed. 


□ 


It is not true that ds 2 in eq. dTl) can be well defined for any kind of matter. In order 
to be complete, the following theorem explains when such a scheme is not possible. 

Theorem 2 If ft is nowhere well defined or if it vanishes everywhere, then around each 
point of this static plane symmetric space-time one of the following holds, with ds 2 satis¬ 
fying Einstein equations: 
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(i) p = p = 0 , Sp = 5p{z ) . Defining ip = - f* dw Sp ^ w z _f Zl)2 , we have 

ds 2 = e 2lf dt 2 — ( dx 2 + dy 2 ) — f— -^ . (15) 


(ii) p = 0 , p — 45p , 5p = Sp(z). Defining <p — | f z dw 


W — Z\ 


3 Jo 3<5p+(u>— zi) 2 

2 


, we have 


ds 2 = e 2 ” dt 2 - e -412 (<fc 2 + dy 2 ) - f 


(16) 


(in) p = p, 5p = 2p. There are constants a and (3 such that 

4 a (3 

P 3(1 + (a + /3) z) 2 

If a + 0 ± 0 , 

ds 2 = (1 + ( a + f3 ) z) 1 ( <*+£ ) dt 2 — (1 + ( a + /3) z) ( dx 2 + dy 2 ) 

and if a + j3 = 0, 


(17) 


- dz 2 


(18) 


ds 2 = e* az dt 2 — e $ az (dx 2 + dy 2 ) — dz 2 . (19) 

In the special case p = 0 we obtain, for (3 — 0, the Minkowski metric described by 
an observer with a uniform acceleration a (Wi) or, fora = 0, the Taub-Levi-Civita 
vacuum solution (J3D- 

Proof: If we take the metric (j3J) in coordinates such that du = yj— y 33 dz and dehncH 


= \ iL ln i 9u i and ^ 

U) = iL (^ h '*» + I ln| 9n | ) 

, ( 20 ) 

such that 



ds 2 = e §fdu(ty(u)-t(u)) dt 2_ 

elfJutiu) (dx 2 + dy 2 ) - dv 2 , 

( 21 ) 

then Einstein Equations turn into 



G\ = T t t : 

- 3 (^ + ^ 2 ) = P 

( 22 ) 

G\-4G x x = Tl-4T x x : 

4 (if 1 + fi> 2 ) = p + 4p — 46p 

(23) 

_ rpu 

^U -*-U 

4 

~^kw = -p ■ 

(24) 

2 This is a further simplification for the form of the metric appearing in [Q. 
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If the derivative of the potential is zero everywhere then p — 0. Thus, from eg. ([21]) , we 
conclude that £ = 0 or ip = 0 . 

If p = 0 and £ = 0, then p = 0 as eq. (l22j) demands. Defining the coordinate function 


z = ip + Zi , for an arbitrary constant z 1 ^ yj — dp(0), from eq. ()23j) we obtain 

dz = — ( 5p + (z — Zi ) 2 ) du , 


(25) 


implying formula ffl5|) . This proves (i). 

If p = 0 and ip = 0, then p = 4 Sp follows from eq. fl25H . As before, defining the 
coordinate function z = £ + Z\ and using eq. d^D we get eq. fflTl) , hence proving (ii). 

If the derivative of the potential is nowhere defined then p = p and dp = 2p. From 
eq. (l22|) - (l23]) . we obtain the following system of ODE’s: 


£' + £ 2 + ' 0 £ = O ip' + ip 2 + ip £ = 0 


(26) 


Its general solution is, after we put z = u, 

a j3 


(27) 


1 T (ct T /3) z IT (ck T /3) z 

Returning this expressions in the previous formulas, we prove (iii). 


□ 


3 Applications to simple fluids 

To illustrate the theorems above, assume we have equations of state in the form 


p = (7(p) — 1 ) p and dp = e(p) p 


(28) 


In this case, the configuration of the system is completely determined solving the simple 
first order ODE of hydrostatic equilibrium for p(z): 



(z - 7l) 7 + ( z 2 - z i) (4e - 7 ) 


( 7-1 )P 


dp 

dz 


(z ~ t) (2 - 7 ) T (z 2 - z 1 ) (77 - 4e - 6 ) 


z — Z\ 


(29) 


Even though this ODE is not exactly solvable, any approximation method for its solution 
reflects instantaneously in the metric components, as demanded by equations (J7J), (0) and 
f)28|) . This is a great simplification in the analysis of such systems. 

Specializing to constant 7 and e, such that 7 ^ 1, 7 ^ 2 and 77 7 ^ 4 e T 6 , eq. ff2T]) is 
easily integrated as 
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a z\ 


(30) 










where p 0 = p( 0 ) and 




( 31 ) 


Applying it in eq. (17|) . we arrive to the expression for the metric 


2(1-7) 


( 1 - 

z 1 

77 — 4 e —6 

1 

(l- 

Z ^ 


Zl J 



azi J 


2 (l- 7 )(67-4e-4) 
(2- 7 )(7 7 -4 e-6) 


dt 2 


1 - ^ 
Zl 


4(1—y) 


4(1-t) 

l-yr)”' 4 " e (dx* + dy^ 


(32) 


-87+86+6 

4(1-7) (Z2~Zl) A_ Z_\ 7 7-4e-6 A _ z 

a 2 ( 2 - 7 ) 2 po zj 1 zi 1 1 azi 


4(5 7 J -2 7 e-11 7+2 e+6) 
(2 — 7) (T 7 —4e —6) 




with (1 — 7 ) po zi > 0 . 

Equation (129|) is also readly integrable ife ^7 = 2 or 7^2 and 7 7 = 4 e + 6 , giving 
similar results. For 7 = 1 or e = 7 = 2, we must apply theorem ([2]). Therefore, the whole 
range of possibilities for constant 7 and e are easily covered. 

In the literature, the perfect fluid e = 0 is most studied ( [Z] , [ 8 ], [9], ng.Ei.iia.il- 
sec. 15.7.1), followed by the Einstein-Maxwell system of a charged infinite plane ( [3], 
[13] ), where 7 = 0 and e = — 1. The reader is invited to analyse in those works the effort 
one had to make solving Einstein equations for very specific values of 7 and e, whilst in 
our approach it is no more than a simple application of theorem [T] which gives general 
formulas just like in eq. (l32|h 

We could have gone even further inserting a cosmological constant A from the begin¬ 
ning: just take p +A and p — A instead of p and p, respectively. As an example, the family 
of vacuum solutions with cosmological constant ( mm) is straightforwardly integrated 
from eq. ([8]) after such substitution is made and the ” new” observables attained the values 
p = p = 5p = 0. 

4 Concluding remarks 

In this work we have shown that any static plane-symmetric metric can be given, at 
least locally, as a simple functional of the matter content of space-time. In mathematics, 
it resembles the hard problem of characterizing the metric from its curvature tensor, 
which, in general, is impossible (See [T5J, sec. 4.5, for a short account of this problem in 
Riemannian geometry and the references therein). Contextualizing to general Relativity, 
due to the relevance of the generalized Birkhoff theorem ascribing a local form for the 
metric to vacuum solutions with certain symmetries |2j, theorems Q] and [2] form a kind 
of ” Birkhoff-type-theorem” with matter: Given a certain class of symmetry assumed by 
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the space-time and its matter content, decide if it is possible to find local coordinates for 
which the metric can be put as an explicit functional of the components of the energy- 
momentum tensor such that both satisfy Einstein equations under the sole hypothesis 
of conservation V M Tjf = 0, where the later corresponds to self-gravitating equations for 
the energy and momentum of the system. 

The results obtained so far purport to be valuable in the foundations of General Rela¬ 
tivity. As a particular interest, grasping the relationship between the quantum Casimir 
effect and gravitation was the starting point of this work na. From this viewpoint, we 
have just set the ground where the problem may lay, and grasping it is a long, deep and 
uncertain journey. Investigations are under way. 
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